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The Quickest Path Problem

The Quickest Path Problem

The determination of shortest or quickest paths on road
networks is the basic ingredient of driving direction computation
as well as of logistic planning and traffic simulation.
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The Quickest Path Problem

Typical application setting
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In-depth reviews: Delling et al (2009) and Sommer (2012)
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The Quickest Path Problem

Our Contribution

We can define z(i ,d): a lower bound on the minimum travel
time from node i to target d . This bound can be used in A∗

algorithm a best first search

h(i ,d) = tsi + z(i ,d)

The Dijkstra’s algorithm can be seen as an A* procedure with a
null lower bound.
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Our Contribution

We can define z(i ,d): a lower bound on the minimum travel
time from node i to target d . This bound can be used in A∗

algorithm a best first search

h(i ,d) = tsi + z(i ,d)

In this research work we focus on a new lower bound z(i ,d) for
the Quickest Path Problem (QPP).
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The Quickest Path Problem

In a nutshell...
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LB =
Eucl_ dist

max_ graph _ speed
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The Quickest Path Problem

In a nutshell...

We propose a new lower bound that takes into account
moderate speed areas
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The proposed new lower bound is 3.88 times faster and
more effective then the trivial lower bound
We embeded the new lower bounding procedure into a
unidirectional A*
We test the resulting algorithm on some metropolitan areas
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The Quickest Path Problem

Given a directed graph G(V,A). With each arch (i , j) ∈ A
are associated

a non negative constant travel time tij ,
a positive length lij and a speed νij = lij/tij
a curve Γij (i.e. the geometry associated to the road)

given a source node s ∈ V and a destination node d ∈ V
The traversal time zp of a path p = (s = i1, i2, . . . , ik = d))

is
k∑

h=1
tih ih+1

We aim to determine a path p such that zp is minimum. Let z∗

be such minimum duration.
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Problem Relaxation

Given two nodes i , j ∈ V the path can be any curve in the
plane.
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The proposed Lower Bound
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Subcurves in R and Γ \ R are traversed at speeds νR and νG,
respectively.
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The proposed Lower Bound

Theorem. A least duration curve from s to d in the plane is a
polyline s − u − v − d , where u ∈ AB ∪ AD and v ∈ BC ∪ CD.
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The proposed Lower Bound

u is the last intersection point with AB ∪ AD saw from s
v is the first intersection point with BC ∪ CD saw from d .
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The least duration curves: four types

T (u, v) =
dist(s,u)

νG +
dist(u, v)

νR +
dist(v ,d)

νG

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

The least duration curves: four types

min
u∈AB
v∈BC

T (u, v) min
u∈AD
v∈BC

T (u, v)
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The least duration curves: four types

min
u∈AD
v∈CD

T (u, v) min
u∈AB
v∈CD

T (u, v)
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The Lower Bound

A lower bound z can be computed by solving the following four
optimization problems:

min
u∈AB
v∈BC

T (u, v) min
u∈AD
v∈BC

T (u, v)

min
u∈AD
v∈CD

T (u, v) min
u∈AB
v∈CD

T (u, v)

and then taking the minimum.
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Type 1 Path

Two-variable non-linear box-constrained optimization problems
(time consuming iterative methods)

min
u∈AB
v∈BC

dist(s,u)
νG + dist(u,v)

νR + dist(v ,d)
νG
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Type 1 Path: a relaxation

z1 = min
0≤w≤W
0≤h≤H

yB − ys − h
νG +

√
h2 + w2

νR +
xd − xB − w

νG
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Type 1 Path: a relaxation

α = νG
νR
> 1

z1 = min
0≤w≤W
0≤h≤H

yB − ys − h
νG +

√
h2 + w2

νR +
xd − xB − w

νG
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α = νG
νR
> 1

Theorem
The solution provided by Algorithm 1 is optimal for the Type 1
path subproblem.
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Theorem
The solution provided by Algorithm 1 is optimal for the Type 1
path subproblem.

Proof Sketch
We prove that w∗ and h∗ satisfy the KKT conditions for the Type
1 path optimization subproblem
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Implementation Issue

Type 1 Path is suitable for a preprocessing phase

z1 = z1
a +

(
ys + xd

νG

)
; (1)

z1
a =

yB − h∗1
νG +

√
(h∗1)2 + (w∗1 )2

νR +
−xB − w∗1

νG

 ; (2)

where z1
a does not depend on s and d
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Type 1 Path - Type 3 Path

A Type 3 problem is equivalent to a Type 1 problem where xi
and yi are swapped for i ∈ {s,d ,A,B,C,D}.
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Type 2 Path: a relaxation

z2 = min
0≤w≤W
0≤h≤W

xA − xs + h
νG +

√
H2 + (w − h)2

νR +
xd − xB − w

νG (3)
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α = νG
νR
> 1

Theorem
The solution provided by Algorithm 2 is optimal for the Type 2
path subproblem.
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Implementation Issue

Type 2 Path is suitable for a preprocessing phase

z2 = z2
a +

(
−xs + xd

νG

)
; (4)

z2
a =

xA + h∗2
νG +

√
H2 + (w∗2 − h∗2)2

νR +
−xB − w∗2

νG

 ; (5)

where z2
a does not depend on s and d

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

Type 2 Path - Type 4 Path

A Type 4 problem is equivalent to a Type 2 problem where xi
and yi are swapped for i ∈ {s,d ,A,B,C,D}.
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The Lower Bounding Algorithm

z1 = z1
a +

(
ys + xd

νG

)
;

z2 = z2
a +

(
−xs + xd

νG

)
;

z3 = z3
a +

(
xs + yd

νG

)
;

z4 = z4
a +

(
−ys + yd

νG

)
;

z = min{z1, z2, z3, z4}
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The lower bounding procedures were coded in C++ and
embedded into a unidirectional A* algorithm implementation of
Boost Graph Library.

The codes were run on a PC with a 2.53-GHz Intel Core 2 Duo
processor and 4 GB of memory.
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We made use of three road networks of large European
metropolitan area (OpenStreetMap)

Paris about 113,000 arcs
Madrid about 96,000 arcs
Rome about 52,000 arcs

For each graph we identified nR (possibly overlapping)
rectangles with νR equal to 50 km/h.
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We randomly generated 1500 origin-destination pairs
Type a: neither s or d are located inside a rectangle;
moreover the segment s − d does not intercept any
rectangle;
Type b: either s or d (but not both) are located inside a
rectangle;
Type c: s and d are located inside different rectangles;
Type d : s and d are located inside the same rectangle;
Type e: neither s or d are located inside a rectangle;
however, the segment s − d intercepts at least a rectangle.
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Type a: 300 randomly generated origin-destination pairs
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Type b: 300 randomly generated origin-destination pairs
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Type c: 300 randomly generated origin-destination pairs

!"

#"

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

Type d: 300 randomly generated origin-destination pairs
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Type e: 300 randomly generated origin-destination pairs

!"

#"

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

LBE/z∗ = 0.487, LB/z∗ = 0.515
The new lower bounding procedure is 3.88 times faster
than Euclidean procedure (thanks to preprocessing phase)
Average reduction of 28.87% in the number of nodes
visited by A* (which is independent of the implementation)
Average reduction in computing time is 14.36% (This
speed-up is valuable for a typical web application setting)
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For type d and c instances (i.e., whenever the origins and
destinations are inside an area with moderate speeds) we
obtained even greater computing time reductions (up to
28.06%).

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

For type d and c instances (i.e., whenever the origins and
destinations are inside an area with moderate speeds) we
obtained even greater computing time reductions (up to
28.06%).

Gianpaolo Ghiani, Emanuela Guerriero A Lower Bound for the Quickest Path Problem



Motivation
Our Contribution

The Quickest Path Problem
A lower bound

Computational Results

Future Research

Lower bounding procedure integrated into bidirectional A*
Quick procedures for the selection of good rectangles (we
used a simple heuristic)
Combine our approach with the most recent speed-up
techniques.
Time-Dependent Scenario
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